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a b s t r a c t
The steady mixed convection boundary layer flow of an incompressible nanofluid along a
plate inclined at an angle α in a porous medium is studied. The resulting nonlinear gov-
erning equations with associated boundary conditions are solved using an optimized, ro-
bust, extensively validated, variational finite-elementmethod (FEM) and a finite-difference
method (FDM) with a local non-similar transformation. The Nusselt number is found to
decrease with increasing Brownian motion number (Nb) or thermophoresis number (Nt),
whereas it increases with increasing angle α. In addition, the local Sherwood number is
found to increase with a rise in Nt, whereas it is reduced with an increase in Nb and angle
α. The effects of Lewis number, buoyancy ratio, and mixed convection parameter on tem-
perature and concentration distributions are also examined in detail. The present study is
of immediate interest in next-generation solar film collectors, heat-exchanger technology,
material processing exploiting vertical and inclined surfaces, geothermal energy storage,
and all those processes which are greatly affected by a heat-enhancement concept.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
A nanofluid is a fluid containing nanometer-sized particles, called nanoparticles. These fluids are engineered colloidal
suspensions of nanoparticles in a base fluid. The nanoparticles used in nanofluids are typicallymade ofmetals (Al, Cu), oxides
(Al2O3, CuO, TiO2, SiO2), carbides (SiC), nitrides (AlN, SiN), or nonmetals (graphite, carbon nanotubes), and the base fluid is
usually a conductive fluid, such as water or ethylene glycol. Other base fluids are oil and other lubricants, bio-fluids and
polymer solutions. Nanoparticles are particles that are between 1 and 100 nm in diameter. Nanofluids commonly contain
up to a 5% volume fraction of nanoparticles to see effective properties over the properties of the base fluid.
Nanofluids have novel properties that make them potentially useful in many applications in heat transfer, including
microelectronics, fuel cells, pharmaceutical processes, and hybrid-powered engines. They exhibit enhanced thermal
conductivity and convective heat transfer coefficient compared to the base fluid. Experimental studies in the literature [1]
show the typical thermal conductivity enhancements are in the range 15–40% over the base fluid, and heat transfer
coefficient enhancements have been found up to 40%. Increases in thermal conductivity of this magnitude cannot be
solely attributed to the higher thermal conductivity of the added nanoparticles, and there must be other mechanisms
which includes particle agglomeration, nanoparticle size, volume fraction, Brownian motion, thermophoresis, particle
shape/surface area, temperature and liquid layering on the nanoparticle-liquid interface, attributed to the increase in
performance.
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Nomenclature
Roman
km Thermal conductivity
Nu Nusselt number
C Nanoparticle volume fraction
Cw Nanoparticle volume fraction on the plate
C∞ Ambient nanoparticle volume fraction
(x, y) Cartesian coordinates
Tw Temperature at the plate
T∞ Ambient temperature attained
T Temperature on the plate
Rax
Pex
Mixed parameter coefficient as y tends to infinity
qw Wall heat flux
qm Wall mass flux
DB Brownian diffusion
DT Thermophoretic diffusion coefficient
f (η) Dimensionless stream function
g Gravitational acceleration
Nt Thermophoresis parameter
Le Lewis number
p Pressure
Nb Brownian motion parameter
w Darcy velocity, (u, v)
Greek symbols
ρf Fluid density
ρP Nanoparticle mass density
ψ Stream function
υ Kinematic viscosity of the fluid
τ Parameter defined by ε(ρc)p/(ρc)f
(ρc)f Heat capacity of the fluid
φ(η) Dimensionless nanoparticle volume fraction
η Similarity variable
θ(η) Dimensionless temperature
(ρc)p Effective heat capacity of the nanoparticle material
α Acute angle of the plate to the vertical
β Volumetric expansion coefficient of the fluid
Subscripts
w Condition on the plate
∞ Condition far away from the plate
Effective cooling techniques are much needed in many industries such as manufacturing, power, transportation,
electronic devices and in particular the next generation of thin-film solar energy collector devices. Low thermal conductivity
is a primary limitation in the development of energy-efficient heat transfer fluids. Conventional heat transfer fluids such
as water, ethylene glycol, and engine oil have limited heat transfer capabilities due to their low heat transfer properties. In
contrast,metals have thermal conductivities up to three times higher than these fluids, so it is naturally desirable to combine
the two substances to produce a heat transfermedium that behaves like a fluid, but has the thermal properties of ametal. The
term nanofluid was first proposed by Choi [2] to indicate engineered colloids composed of nanoparticles dispersed in a base
fluid. The characteristic feature of nanofluids is thermal conductivity enhancement, a phenomenon observed by Masuda
et al. [3].
A comprehensive survey of convective transport in nanofluidswasmade by Buongiorno [4] based atMIT, who considered
two-phasenon-homogenousmodel seven slipmechanisms that canproduce a relative velocity between thenanoparticles and
the base fluid: inertia, Brownian diffusion, thermophoresis, diffusiophoresis,Magnus effect, fluid drainage, and gravity. Of all
of these mechanisms, only Brownian diffusion and thermophoresis were found to be important. Buongiorno’s analysis [4]
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consisted of a two-component equilibrium model for mass, momentum, and heat transport in nanofluids; and he found
that a non-dimensional analysis of the equations implied that energy transfer by nanoparticle dispersion is negligible, and
cannot explain the abnormal heat transfer coefficient increases. He further suggested that the boundary layer has different
properties due to the effect of temperature and thermophoresis. The viscosity may be decreasing in the boundary layer,
which would lead to heat transfer enhancement. An excellent assessment of nanofluid physics and developments has been
provided by Das et al. [5] and Eastman et al. [6]. Buongiorno and Hu [7] observed that, although convective heat transfer
enhancement has been suggested to be due to the dispersion of the suspended nanoparticles, this effect is too small to
explain the observed enhancement. They further assert that turbulence is not affected by the presence of the nanoparticles,
so this cannot explain the observed enhancement.
Kuznetsov and Nield [8] studied the influence of nanoparticles on natural convection boundary layer flow past a
vertical plate by taking Brownian motion and thermophoresis into account. Nield and Kuznetsov [9] extended the
Cheng–Minkowycz [10] problem to consider nanofluids, by incorporating Brownian motion and thermophoresis. Khan
and Pop [11] reported the boundary layer flow of a nanofluid past a stretching sheet. Tzou [12,13] presented the thermal
instability of nanofluids in natural convection. Recently, Bachok et al. [14] studied the boundary layer flowof a nanofluid over
amoving surface in a flowing fluid. Polidori et al. [15] studied the natural convection heat transfer of Newtonian nanofluids in
laminar boundary layers using the integral approach, for the case of γ -Al2O3/water nanofluids whose Newtonian behaviour
with particle volume fractions was less than 4%. They showed that natural convection heat transfer is not only defined by
the nanofluid’s effective thermal conductivity but also that the sensitivity to the viscosity model exerts a major role in the
heat transfer behaviour.
Ho et al. [16] analysed the effects of effective dynamic viscosity and thermal conductivity of a nanofluid on laminar natural
convection heat transfer in a square enclosure computationally, using a homogeneous solid–liquid mixture formulation for
the two-dimensional buoyancy-driven convection in an enclosure filled with alumina–water nanofluid. Further studies of
nanofluid thermal convection flows have been communicated by Putra et al. [17], Jang and Choi [18], and Nanna et al. [19].
The above studies did not consider transport in porous media. Such flows are very important in, for example, fuel cell
technologies, geothermics, material processing, trickle bed chromatography, etc. Coupled heat and mass transfer in free
convection boundary layer flows in porous media arises in many such applications. The vast majority of studies utilize
the Darcy model, which is valid for low Reynolds number flows [20]. Important studies in this regard have been made
by Bejan and Khair [21], Lai and Kulacki [22], and Murthy and Singh [23]. Coupled heat and mass transfer by mixed
convection in a Darcian fluid-saturated porous medium has been analysed by Lai [20]. More complex multiphysical thermal
convection flows in porous media have also been addressed. Bég et al. [24] further investigated magnetohydrodynamic
fluid–particle suspension thermal convection in porous media. Bhargava et al. [25] studied transient chemically reacting
magneto-convective heat andmass transfer in porous media. Cheng [26] analysed the problem of combined free and forced
(mixed) convection about inclined surfaces (or wedges) in a saturated porous medium on the basis of boundary layer
approximations. Chamkha [27] also investigated the natural convection from an inclined plate embedded in a variable
porosity porous medium due to solar radiation. Many other studies have been presented on inclined plates with micropolar
fluid, including that of Alam et al. [28], who considered heat generation and thermophoresis on an inclined plate. Very
recently, Rahman et al. [29] presented heat transfer in a micropolar fluid along an inclined permeable plate with variable
fluid properties.
To the authors’ knowledge, no studies have thus far been communicated with regard to nanofluid thermal convection in
porous media for an inclined plate. The objective of the present paper is therefore to analyse the development of steady
boundary layer flow and heat transfer in nanofluid-saturated, isotropic, homogenous porous media, for the case of an
inclined flat surface. In this article, we employ an extensively validated, highly efficient, variational finite-element code
to study this problem. The finite-element method is used to solve the normalized boundary layer equations and the effects
of Lewis number (Le), Brownian motion number (Nb), thermophoresis number (Nt), buoyancy ratio parameter (Nr), and
mixed convection parameter (Rax/Pex) on the relevant flow variables are described in detail. Furthermore, the effects of Le,
Nt, Nb, Nr, α, and Rax/Pex on the rates of heat transfer ((Pex)−1/2Nux) and mass transfer ((Pex)−1/2Shx) are presented in
tabular form.
2. Mathematical analysis
Consider the steady, incompressible, laminar, boundary layer flow of a nanofluid along a semi-infinite inclined flat plate
in a nanofluid-saturated porousmedium, with an acute angle α to the vertical, as depicted in Fig. 1. The coordinate system is
such that xmeasures the distance along the plate and ymeasures the distance normally into the fluid. The surface of plate is
maintained at uniform temperature and concentration, Tw and Cw , respectively, and these values are assumed to be greater
than the ambient temperature and concentration, T∞ and C∞, respectively. The Oberbeck–Boussinesq approximation is
employed. Homogeneity and local thermal equilibrium in the porous medium are assumed. Let the porosity of the material
be denoted by ε and the permeability by K . The Darcy velocity is denoted byw. The field variables are the Darcy velocityw,
the temperature T , and the nanoparticle volume fraction C . The following four field equations embody the conservation of
total mass, momentum, thermal energy, and nanoparticles, respectively:
∇ · w = 0 (1)
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Fig. 1. Physical model and coordinate system.
ρf
ε
∂w
∂t
= −∇p− µ
K
w + g Cρp + (1− C) ρf (1− β(T − T∞)) cos(α) (2)
(ρc)m
∂T
∂t
+ (ρc)fw · ∇T = km∇2T + ε(ρc)p [DB∇C · ∇T + (DT/T∞)∇T · ∇T ] (3)
∂C
∂t
+ 1
ε
w · ∇C = DB∇2C + (DT/T∞)∇2T , (4)
where ρf , µ, and β are the density, viscosity, and volumetric volume expansion coefficient of the fluid, ρp is the density
of the particles, w = (u, v) is the two-dimensional velocity vector, and gravitational acceleration is denoted by g .
Eqs. (1)–(4) are based on the earlier model of Nield and Kuznetsov [9], with amodification included for the plate inclination.
We have introduced the effective heat capacity (ρc)m and the effective thermal conductivity km of the porous medium.
The coefficients that appear in Eqs. (3) and (4) are the Brownian diffusion coefficient (DB) and the thermophoretic diffusion
coefficient (DT ). The fluid flow is assumed to be with low velocity; as a result, neither an advective term nor a Forchheimer
quadratic drag term appears in the momentum equation.
The boundary conditions are prescribed as
v = 0, T = Tw, C = Cw at y = 0 (5a)
u = U∞, T → T∞, C → C∞ at y = ∞. (5b)
Following the Oberbeck–Boussinesq approximation and the assumption that the nanoparticle concentration is dilute,
the momentum equation is linearized, and Eq. (2) can be written as follows:
0 = −∇p− µ
K
w + g −(ρp − ρf∞)(C − C∞)+ (1− C∞)ρf∞β(T − T∞) cos(α). (6)
We nowmake the standard boundary layer approximation, based on a scale analysis, and write the governing equations
as follows:
∂u
∂x
+ ∂v
∂y
= 0 (7)
∂p
∂x
= −µ
K
u+ g (1− C∞)ρf∞β(T − T∞)− (ρp − ρf∞)(C − C∞) cos(α) (8)
∂p
∂y
= 0 (9)
u
∂T
∂x
+ v ∂T
∂y
= αm∇2T + τ

DB
∂C
∂y
· ∂T
∂y
+ (DT/T∞)

∂T
∂y
2
, (10)
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1
ε

u
∂C
∂x
+ v ∂C
∂y

= DB ∂
2C
∂y2
+ (DT/T∞) ∂
2T
∂y2
, (11)
where
αm = km
(ρc)f
, τ = (ρc)p
(ρc)f
. (12)
p may be eliminated from Eqs. (8) and (9) by cross-differentiation. At the same time, we introduce a stream function ψ
defined by the Cauchy–Riemann equations:
u = ∂ψ
∂y
, v = −∂ψ
∂x
. (13)
Using (13), Eq. (7) is satisfied identically. Effectively, we arrive at the following three coupled similarity equations:
∂2ψ
∂y2
=

(1− C∞)ρf∞βgK
µ
∂T
∂y
− (ρp − ρf∞)gK
µ
∂C
∂y

cos(α) (14)
∂ψ
∂y
∂T
∂x
− ∂ψ
∂x
∂T
∂y
= αm∇2T + τ

DB
∂C
∂y
· ∂T
∂y
+ (DT/T∞)

∂T
∂y
2
, (15)
1
ε

∂ψ
∂y
∂T
∂x
− ∂ψ
∂x
∂T
∂y

= DB ∂
2C
∂y2
+ (DT/T∞) ∂
2T
∂y2
. (16)
To render the equations non-dimensional and facilitate a numerical solution, we introduce the following transforma-
tions:
η = y
x
Pe1/2x , f (η) =
ψ
αmPe1/2x
, θ(η) = T − T∞
Tw − T∞ , φ(η) =
C − C∞
Cw − C∞ . (17)
The governing equations (Eqs. (14)–(16)) then reduce to the following.
Momentum boundary layer equation:
f ′′ = Rax
Pex

θ ′ − Nrφ′ cos(α). (18)
Thermal boundary layer equation:
θ ′′ + 1
2
f θ ′ + Nbθ ′φ′ + Nt(θ ′)2 = 0. (19)
Concentration (species diffusion) boundary layer equation:
φ′′ + 1
2
Lef φ′ + Nt
Nb
θ ′′ = 0. (20)
The transformed boundary conditions are
η = 0, f = 0, θ = 1, φ = 1 (21a)
η→∞, f ′ = 1, θ = 0, φ = 0, (21b)
where ()′ denotes differentiation with respect to η, and the key thermophysical parameters dictating the flow dynamics are
defined by
Nr = (ρp − ρf∞)(Cw − C∞)
ρf∞β(Tw − T∞)(1− C∞) , Nb =
ε(ρc)pDB(Cw − C∞)
(ρc)f αm
, Nt = ε(ρc)pDT (Tw − T∞)
(ρc)f αmT∞
,
Le = αm
εDB
, Rax = (1− C∞)Kgβ(Tw − T∞)x
ρf∞µαm
, Pex = U∞x
αm
,
(22)
where Le, Nr, Nb, Nt, Rax, and Pex denote, respectively, the Lewis number, the buoyancy ratio parameter, the Brownian
motion parameter, the thermophoresis parameter, the local Darcy–Rayleigh number, and the local Peclet number. We note
that porosity (ε) is absorbed into the Nb, Nt, and Le parameters, and therefore it is not explicitly simulated in this study.
Porousmedia effects will therefore not be parametrically studied in this paper. It is also important to note that this boundary
layer problem retracts to the classical problem of mixed convection heat and mass transfer in a Newtonian viscous fluid-
saturatedDarcian porousmediumwhenNb andNt are zero. For Darcian porous flows as studied in our article, a low-velocity,
viscosity-dominated formulation is justified. The advective terms are therefore not relevant, as elaborated by numerous
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authors, including Bejan and Khair [21]. Additionally, inertial drag force (quadratic porous media resistance) effects have
also been neglected, since we are concerned here with low Reynolds number transport. The scaling transformations are
therefore correct and valid for the present model. Further endorsement for the present approach is provided in the seminal
study by Nield and Kuznetsov [9], where a vertical surface is considered. The current model generalizes that analysis for an
inclined plane, and the scaling transformations remain valid. Quantities of practical interest in thermal engineering design
applications, e.g., solar collectors, are the local Nusselt number (Nux) and the local Sherwood number (Shx), which take
the form
Nux = xqwk(Tw − T∞) , Shx =
xqm
Dm(Cw − C∞) . (23)
Here, qw and qm are the heat flux and mass flux at the surface (plate), respectively. Using (17) we obtain dimensionless
versions of these key design quantities:
(Pex)−1/2Nux = −θ ′(0), (Pex)−1/2Shx = −φ′(0). (24)
In the present context, (Pex)−1/2Nux and (Pex)−1/2Shx are referred to as the reduced Nusselt number and reduced
Sherwood number (Nur and Shr), which are represented by−θ ′(0) and−φ′(0), respectively. The set of ordinary differential
equations (18)–(20) is highly nonlinear, and therefore cannot be solved analytically. The variational finite-element
method [30,25,31,32] has been implemented.
3. Numerical methods of solution
3.1. The finite-element method
The finite-element method (FEM) is a powerful technique for solving ordinary or partial differential equations as well as
integral equations. The basic concept is that the whole domain is divided in to smaller elements of finite dimensions called
finite elements. It is the most versatile numerical technique in modern engineering analysis, and it has been employed
to study diverse problems in heat transfer, fluid mechanics, chemical processing, rigid body dynamics, solid mechanics,
electrical systems, acoustics, andmany other fields. The FEM has been employed in addition to the finite-difference method
(FDM) to cross-validate the numerical solutions. Since there are no studies of nanofluid convection from inclined surfaces in
porousmedia, it is imperative that the present computations are validated. Bothmethods are among themost powerful and
reliable in modern thermofluid dynamics, and have further been expounded in great detail in the recent monograph by Bég
et al. [33]. The deployment of both numerical techniques also provides readers with a dual approach to writing their own
numerical codes for nanofluid heat transfer. Researchers can therefore benchmark both codes with the present solutions.
The steps involved in the finite-element analysis are as follows.
3.1.1. Finite-element discretization
The whole domain is divided into a finite number of subdomains, which is called the discretization of the domain. Each
subdomain is called an element. The collection of elements is called the finite-element mesh.
3.1.2. Generation of the element equations
a. From themesh, a typical element is isolated and the variational formulation of the given problemover the typical element
is constructed.
b. An approximate solution of the variational problem is assumed, and the element equations are made by substituting this
solution in the above system.
c. The element matrix, which is called stiffness matrix, is constructed by using the element interpolation functions.
3.1.3. Assembly of element equations
The algebraic equations so obtained are assembled by imposing the interelement continuity conditions. This yields a
large number of algebraic equations known as the global finite-element model, which governs the whole domain.
3.1.4. Imposition of boundary conditions
The essential and natural boundary conditions are imposed on the assembled equations.
3.1.5. Solution of assembled equations
The assembled equations so obtained can be solved by any of the numerical techniques, namely, the Gauss elimination
method, LU decomposition method, etc. An important consideration is that of the shape functions which are employed to
approximate actual functions.
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Table 1
Comparison of results with linear as well as quadratic elements, with Le =
10,Nr = 0.5,Nb = 0.5,Nt = 0.5, Rax/Pex = 1.0, α = π/6.
η f θ φ
Linear Quadratic Linear Quadratic Linear Quadratic
0.0 0.0000 0.0000 1.0000 1.0000 1.0000 1.0000
1.0 1.5170 1.5170 0.4921 0.4921 0.0471 0.0471
2.0 2.7473 2.7472 0.1305 0.1305 0.0137 0.0137
3.0 3.7921 3.7921 0.0188 0.0187 0.0021 0.0020
4.0 4.7922 4.7922 0.0000 0.0000 0.0000 0.0000
It has been observed that, for moderate values of η(>4), there is no appreciable effect on the results. Therefore, for
computational purposes, infinity has been set as 4. However, the results are obtained even for large value of η (up to 6).
The whole domain is divided in to 1000 linear elements of equal length 0.004 respect to η. For one-dimensional and two-
dimensional problems, the shape functions can be linear/quadratic and higher order. However, the suitability of the shape
functions varies from problem to problem. Due to the simple and efficient use in computations, linear as well quadratic
shape functions are used in the present problem. However it is observed that the results do not vary very much, indicating
that both elements provide approximately the same accuracy. The comparison for both types of shape function is given in
Table 1.
3.2. Variational formulation
The variational form associated with Eqs. (18)–(20) over a typical linear element (ηe, ηe+1) is given by ηe+1
ηe
w1

f ′′ − Rax
Pex

θ ′ − Nrφ′ cos(α) dη = 0 (25) ηe+1
ηe
w2

θ ′′ + 1
2
f θ ′ + Nbθ ′φ′ + Nt(θ ′)2

dη = 0 (26) ηe+1
ηe
w3

Nbφ′′ + 1
2
LeNb f φ′ + Ntθ ′′

dη = 0, (27)
wherew1, w2, andw3 are arbitrary test functions and may be viewed as the variation in f , θ , and φ, respectively.
3.3. Finite-element formulation
The finite-element model may be obtained from above equations by substituting finite-element approximations of the
form
f =
2
j=1
fjψj, θ =
2
j=1
θjψj, φ =
2
j=1
φjψj, (28)
with
w1 = w2 = w3 = ψi, (i = 1, 2) .
In our computations, the shape functions for a typical element (ηe, ηe+1) are taken as follows.
Linear element:
ψ e1 =
(ηe+1 − η)
(ηe+1 − ηe) , ψ
e
2 =
(η − ηe)
(ηe+1 − ηe) , ηe ≤ η ≤ ηe+1. (29)
Quadratic element:
ψ e1 =
(ηe+1 + ηe − 2η)(ηe+1 − η)
(ηe+1 − ηe)2 , ψ
e
2 =
4(η − ηe)(ηe+1 − η)
(ηe+1 − ηe)2 ,
ψ e3 = −
(ηe+1 + ηe − 2η)(η − ηe)
(ηe+1 − ηe)2 , ηe ≤ η ≤ ηe+1. (30)
The finite-element model of the equations thus formed is given by[K 11] [K 12] [K 13][K 21] [K 22] [K 23]
[K 31] [K 32] [K 33]
 fθ
φ

=
{b1}{b2}
{b3}
 ,
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Table 2
Comparison of the results (FEM versus FDM). Le = 5,Nr = 0.1,Nb = 0.1,Nt =
0.1, Rax/Pex = 1.0, α = π/6, h(step size) = 0.01.
η f θ φ
FEM FDM FEM FDM FEM FDM
0.0 0.0000 0.0000 1.0000 1.0000 1.0000 1.0000
1.0 1.5564 1.5556 0.4120 0.4112 0.1307 0.1302
2.0 2.7453 2.7445 0.1006 0.1002 0.0249 0.0242
3.0 3.7794 3.7783 0.0142 0.0136 0.0035 0.0032
4.0 4.7784 4.7776 0.0000 0.0000 0.0000 0.0000
Table 3
Comparison of results for the reduced Nusselt number
Nux/Pe1/2x = −θ ′(0).
Rax
Pex
Cheng [26] Present results for Nr =
Nb = Nt = 0, α = π/4
0.0 0.5641 0.5641
0.5 0.6473 0.6474
1.0 0.7205 0.7199
3.0 0.9574 0.9571
10.0 1.516 1.5090
20.0 2.066 2.0655
where [Kmn] and [bm](m, n = 1, 2, 3) are defined as
K 11ij = −
 ηe+1
ηe
∂ψi
∂η
∂ψj
∂η
dη, K 12ij = −
Rax
Pex
 ηe+1
ηe
ψi
∂ψj
∂η
cos(α)dη,
K 13ij =
Rax
Pex
Nr
 ηe+1
ηe
ψi
∂ψj
∂η
cos(α)dη,
K 21ij =
1
2
 ηe+1
ηe
ψiθ
′
ψjdη, K 22ij = −
 ηe+1
ηe
∂ψi
∂η
∂ψj
∂η
dη + Nt
 ηe+1
ηe
ψiθ
′ ∂ψj
∂η
dη,
K 23ij = Nb
 ηe+1
ηe
ψiθ
′ ∂ψj
∂η
dη,
(31)
K 31ij =
1
2
LeNb
 ηe+1
ηe
ψiφ
′ ∂ψj
∂η
dη, K 32ij = −Nt
 ηe+1
ηe
∂ψi
∂η
∂ψj
∂η
dη,
K 33ij = −Nb
 ηe+1
ηe
∂ψi
∂η
∂ψj
∂η
dη,
b1i = −

ψi
df
dη
ηe+1
ηe
, b2i = −

ψi
dθ
dη
ηe+1
ηe
, b3i = −

ψi

dθ
dη
+ dφ
dη
ηe+1
ηe
,
where
θ
′ =
2
i=1
θ i
∂ψi
∂η
, φ
′ =
2
i=1
φi
∂ψi
∂η
. (32)
Each element matrix is of order 6× 6. The entire flow domain is divided into a set of 1000 line elements, and following
assembly of all the element equations, a matrix of order 3003 × 3003 is generated. The resulting system of equations
is strongly nonlinear, and recourse must be made to a robust iterative scheme to solve it. The system is linearized by
incorporating the functions f , θ , and φ, which are assumed to be known. After applying the given boundary conditions,
a system of 2097 equations remains to be solved; solution is performed using a robust Gauss elimination method while
maintaining an accuracy of 0.00001. Gaussian quadrature is implemented for solving the integrations. The computer
program of the algorithm was executed in MATLAB running on a PC.
To investigate the sensitivity of the solutions to mesh density, it was observed that in the same domain the accuracy is
not affected, even if the number of elements is increased, by decreasing the size of the elements. This serves only to increase
the compilation times and does not enhance in any way the accuracy of the solutions, as shown in Tables 4–6. Thus, for
computational purposes, 1000 elements were taken for presentation of the results. Excellent convergence was achieved in
the present study.
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Table 4
Grid-invariance test for velocity distribution (f ), with Le = 10,Nr =
0.5,Nb = 0.5,Nt = 0.5, Rax/Pex = 1.0, α = π/6.
η Step size (h)
h = 0.04 h = 0.02 h = 0.01 h = 0.005
0.0 0.0000 0.0000 0.0000 0.0000
1.0 1.5586 1.5564 1.5517 1.5511
2.0 2.7497 2.7453 2.7363 2.7353
3.0 3.7862 3.7794 3.7657 3.7646
4.0 4.7876 4.7784 4.7598 4.7592
Table 5
Grid-invariance test for temperature distribution (θ ), with Le =
10,Nr = 0.5,Nb = 0.5,Nt = 0.5, Rax/Pex = 1.0, α = π/6.
η Step size (h)
h = 0.04 h = 0.02 h = 0.01 h = 0.005
0.0 1.0000 1.0000 1.0000 1.0000
1.0 0.4116 0.4120 0.4128 0.4128
2.0 0.1003 0.1006 0.1012 0.1012
3.0 0.0141 0.0142 0.0143 0.0143
4.0 0.0000 0.0000 0.0000 0.0000
Table 6
Grid-invariance test for nanoparticle concentration distribution (φ), with
Le = 10,Nr = 0.5,Nb = 0.5,Nt = 0.5, Rax/Pex = 1.0, α = π/6.
η Step size (h)
h = 0.04 h = 0.02 h = 0.01 h = 0.005
0.0 1.0000 1.0000 1.0000 1.0000
1.0 0.1305 0.1307 0.1310 0.1312
2.0 0.0248 0.0249 0.0250 0.0250
3.0 0.0035 0.0035 0.0036 0.0036
4.0 0.0000 0.0000 0.0000 0.0000
3.4. Finite-difference method
For comparison purposes, the same system of Eqs. (18)–(20), subject to boundary conditions (21a), (21b) was solved
numerically using the finite-difference method. This method is used for solving ordinary as well as partial differential
equations governing boundary value problems as well as initial value problems. By using the central-difference formulae,
the set of equations (18)–(20) can be written as
fi−1 − 2fi + fi+1
h2e
− Rax
Pex

θi+1 − θi−1
2he

− Nr

φi+1 − φi−1
2he

cos(α) = 0 (33)
θi−1 − 2θi + θi+1
h2e
+ 1
2
fi

θi+1 − θi−1
2he

+ Nb

θi+1 − θi−1
2he

φi+1 − φi−1
2he

+ Nt

θi+1 − θi−1
2he
2
= 0 (34)
φi−1 − 2φi + φi+1
h2e
+ 1
2
Le fi

φi+1 − φi−1
2he

+ Nt
Nb

θi−1 − 2θi + θi+1
h2e

= 0, (35)
where he is the step length. Since the above equations are nonlinear and coupled, they cannot be solved exactly. Therefore
an iterative scheme must to be used. We write the equations in the form
xi = F(l1, l2, . . . , ln), (36)
where each li is the function of the variable fi, θi, φi and xi is any of the variables fi, θi, φi. Similarly equations are formulated
for each variable of Eqs. (33)–(35). Commencing with the initial guess values, new iterate values are obtained. This process
continues until the absolute error |xi − xi−1| is less than the accuracy required. The condition of convergence of the scheme
has been already checked before implementing the iterative scheme. Following Eq. (36), Eqs. (33)–(35) can be written as
follows:
fi = fi−1 + fi+12 −
Rax
Pex
he

θi+1 − θi−1
4

− Nr

φi+1 − φi−1
4

cos(α) (37)
θi = θi−1 + θi+12 +
1
2
fihe

θi+1 − θi−1
4

+ Nb

θi+1 − θi−1
4

φi+1 − φi−1
2

+ Nt
2

θi+1 − θi−1
2
2
(38)
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Fig. 2. Effect of the Brownian motion parameter (Nb) on the temperature distribution for Nt = 0.5,Nr = 0.5, Le = 10, Rax/Pex = 0.5, α = π/6.
φi = φi−1 + φi+12 +
he
2
fiLe

φi+1 − φi−1
4

+ Nt
Nb

θi−1 − 2θi + θi+1
2

. (39)
The boundary conditions are presented as
f1 = 0, θ1 = 1, φ1 = 1 (40a)
f ′1001 = 1, θ1001 = 0, φ1001 = 0. (40b)
The system of equations (37)–(39) with the boundary conditions (40) was solved iteratively, and the results obtained
were compared with those obtained by the FEM.
4. Results and discussion
To provide a physical insight into the flow problem, comprehensive numerical computations were conducted for various
values of the parameters that describe the flow characteristics, and the results are illustrated graphically.
Comparison between the finite-element and finite-difference solutions is illustrated in Table 2, where, for Le = 5,Nr =
0.1,Nb = 0.1,Nt = 0.1, Rax/Pex = 1, α = π/6,we have compared profiles of f , θ , andφwithη as the coordinate. Excellent
correlation is demonstrated between the two numerical methods. We observe that f (dimensionless velocity) increases
from zero at η = 0 to η = 1. However, θ (dimensionless temperature) and φ (dimensionless concentration) both decrease
continuously from a peak value of unity at η = 0 to aminimum value at η = 1. In addition, we have computed these profiles
using both linear and quadratic elements with the finite-element program, again for arbitrary values of the thermophysical
parameters, and we observed very little difference in the computations. Table 3 shows that excellent correlation has been
achieved with the earlier results of Cheng [26] for local Nusselt number Nux/Pe1/2x = −θ ′(0) by neglecting the Nb, Nt, and
Nr numbers at an inclination of π/4.
Selected computations are presented in Figs. 2–10. In all cases, the default values of the governing parameters are
Le = 10,Nr = 0.5,Nb = 0.5,Nt = 0.5, Rax/Pex = 0.5, α = π/6, unless otherwise stated.
The effect of the Brownianmotion parameter Nb on temperature (θ ) and concentration (φ) are shown in Figs. 2 and 3. As
expected, the boundary layer profiles for the temperature are of the same form as in the case of regular heat transfer fluids.
The temperature in the boundary layer increaseswith increasing Brownianmotion parameterNb. However, the nanoparticle
volume fraction profile φ decreases with increasing Brownian motion parameter Nb. A number of mechanisms have been
proposed for interpreting the physically observed thermal conduction enhancement, including the Brownian motion of
nanoparticles, the interfacial ordering of liquidmolecules on the surface of nanoparticles, and the ballistic transport of energy
carriers within individual nanoparticles and between nanoparticles that are in contact, as well as nanoparticle structuring.
These have been discussed by Keblinski et al. [34]. The Brownian motion of nanoparticles can enhance thermal conduction
via one of two mechanisms—either a direct effect owing to nanoparticles that transport heat or alternatively via an indirect
contribution due to micro-convection of fluid surrounding individual nanoparticles. For small particles, Brownian motion is
strong, and the parameter Nbwill have high values; the converse is the case for large particles, and clearly Brownianmotion
does exert a significant enhancing influence on both the temperature and the concentration profiles.
Figs. 4 and 5 present typical profiles for temperature (θ ) and concentration (φ) for various values of the thermophoretic
parameter (Nt). It is observed that an increase in the thermophoretic parameter Nt leads to a decrease in both the fluid
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Fig. 3. Effect of the Brownian motion parameter (Nb) on the nanoparticle concentration distribution Nt = 0.5,Nr = 0.5, Le = 10, Rax/Pex = 0.5, α =
π/6.
Fig. 4. Effect of the thermophoretic parameter (Nt) on the temperature distribution for Nb = 0.5,Nr = 0.5, Le = 10, Rax/Pex = 0.5, α = π/6.
temperature and concentration. Thermophoresis serves to warm the boundary layer, and it simultaneously exacerbates
particle deposition away from the fluid regime (on to the surface), thereby accounting for the reduced concentration
magnitudes in Fig. 5.
Figs. 6 and 7 illustrate the effect of the buoyancy ratio parameter (Nr) and the mixed convection parameter (Rax/Pex) on
the temperature (θ ) and concentration (φ) distributions through the boundary layer regime. With an increase in the mixed
convection parameter from 0 to 1.5 and the buoyancy ratio Nr = (ρp−ρf∞)(Cw−C∞)
ρf∞β(Tw−T∞)(1−C∞) from 0 to 0.5, the temperature and
the concentration both decrease because the mixed convection parameter is more dominant as compared to the buoyancy
ratio parameter. When Rax/Pex = 0 (forced convection), there will be no buoyancy forces; thus the temperature and
concentration increase, and they decrease as we increase its value.
In Figs. 8 and 9, the influence of the angle of inclination from the vertical,α, ranging from0 toπ/2, on the temperature (θ )
and concentration (φ) profiles are displayed, respectively. Similar to the effects of the Brownianmotion parameter (Nb), it is
observed that increase in the inclination angle (α) increases the fluid temperature. This is due to the reduction in the thermal
buoyancy effect g
−(ρp − ρf∞)(C − C∞)+ (1− C∞)ρf∞β(T − T∞) cos(α) caused by increases in α. It is obvious that
the maximum buoyancy force for the same temperature difference and concentration difference occurs for α = 0 (vertical
plate), and that there is no buoyancy force for the case α = π/2 (horizontal plate), as the above term vanishes. Also, it has
been noticed that the concentration profile also increases with increasing angle of inclination.
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Fig. 5. Effect of the thermophoretic parameter (Nt) on the nanoparticle concentration distribution for Nb = 0.5,Nr = 0.5, Le = 10, Rax/Pex = 0.5, α =
π/6.
Fig. 6. Effect of the buoyancy ratio parameter (Nr) and the mixed convection parameter (Rax/Pex) on the temperature distribution for Nb = 0.5,Nr =
0.5, Le = 10, α = π/6.
Fig. 10 depicts the variation of the nanoparticle concentration for various Lewis numbers (Le). The Lewis number defines
the ratio of thermal diffusivity to mass diffusivity. It is used to characterize fluid flows where there is simultaneous heat
and mass transfer by convection. Effectively, it is also the ratio of the Schmidt number to the Prandtl number. However,
the thickness of the concentration boundary layer is found to be smaller than the thermal boundary layer thickness for Le
greater than one. Thus, the concentration decreases with increasing Lewis number.
The variations of the dimensionless heat transfer rates (Nux/Pe1/2x ) and mass transfer rates (Shx/Pe
1/2
x ) with the
thermophoretic (Nt) parameter and the Brownian motion parameter (Nb) are shown in Table 7. The table indicates the
effects of the Brownian motion parameter Nb on the dimensionless heat transfer rates for Le = 5 (the thermal diffusivity
is 5 times the mass diffusivity) and for Le = 15 (the thermal diffusivity is 15 times the mass diffusivity) (see Table 9). It is
clear that the dimensionless heat transfer rates decrease with increasing thermophoresis parameter (Nt), and also decrease
with increasing Brownianmotion parameter (Nb). However, the dimensionlessmass transfer rates increasewith an increase
in both the thermophoresis parameter Nt and the Brownian motion parameter Nb. Also, an increase in dimensional mass
transfer rates accompany an increase in Lewis number.
Table 8 shows the effect of the dimensionless heat transfer rates (Nux/Pe1/2x ) and mass transfer rates (Shx/Pe
1/2
x ) with
the mixed convection parameter, Rax/Pex and Brownian motion parameter (Nb) for Le = 5, 15,Nr = 0.5,Nt = 0.5, α =
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Fig. 7. Effect of the buoyancy ratio parameter (Nr) and the mixed convection parameter (Rax/Pex) on the nanoparticle concentration distribution for
Nb = 0.5,Nr = 0.5, Le = 10, α = π/6.
Fig. 8. Effect of the angle of inclination (α) on temperature distribution for Nt = 0.5,Nr = 0.5, Le = 10,Nt = 0.5, Rax/Pex = 0.5.
Table 7
Effects of Nt and Nb on the dimensionless heat transfer rates {−θ ′(0)} and mass transfer rates {−φ′(0)} for
Le = 5 and 15, with Nr = 0.5, Rax/Pex = 1.0, α = π/6.
Le Nt Nux/Pe1/2x = −θ ′(0) Shx/Pe1/2x = −φ′(0)
Nb = 0.5 Nb = 1.0 Nb = 1.5 Nb = 0.5 Nb = 1.0 Nb = 1.5
5
0.1 0.4425 0.3025 0.0879 1.5101 1.5433 1.5693
0.3 0.4064 0.2779 0.0807 1.5106 1.5601 1.5855
0.5 0.3742 0.2559 0.0742 1.5194 1.5803 1.6013
15
0.1 0.4298 0.2823 0.0747 2.6943 2.7192 2.7362
0.3 0.3933 0.2579 0.0683 2.7160 2.7444 2.7555
0.5 0.3609 0.2366 0.0626 2.7461 2.7741 2.7735
π/6. It is evident that the dimensionless heat transfer rates decreases with increasing Nb. However, it is found that the
dimensionless heat transfer rate increases with increasing mixed convection parameter Rax/Pex. Pex is the local Peclet
number, and it signifies the ratio of the rate of advection of a physical quantity by the flow to the rate of diffusion of the same
quantity driven by an appropriate gradient. As Rax/Pex increases from 0 (forced convection) through 1, the contribution of
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Fig. 9. Effect of the angle of inclination (α) on the nanoparticle concentration distribution for Nt = 0.5,Nr = 0.5, Le = 10,Nt = 0.5, Rax/Pex = 0.5.
Fig. 10. Effect of the Lewis number (Le) on the nanoparticle concentration distribution, with Nt = 0.5,Nr = 0.5,Nt = 0.5, Rax/Pex = 0.5, α = π/6.
buoyancy will progressively increase. At Rax/Pex equal to unity, buoyancy will have the maximum effect. This explains the
steady increase in Nux/Pe1/2x and Shx/Pe
1/2
x . The table also presents the effects of the dimensionless heat transfer rate and
the mass transfer rate with the mixed convection parameter Rax/Pex and Nb for Le = 15,Nr = 0.5,Nt = 0.5. It is observed
that the dimensionless heat transfer rate decreases with increasing Brownian motion parameter Nb. This agrees with the
corresponding enhancement in temperature in the boundary layer owing to the nanofluid properties, as represented by the
Brownian diffusion effect (Fig. 2).
Finally, Table 9 depicts the effect of the dimensionless heat transfer rate and mass transfer rate, with inclination angle
(α) and thermophoretic parameter (Nt), for Le = 5 and Le = 15. Evidently the dimensionless heat transfer rate and mass
transfer rate both decreasewith increasing inclination angleα. Clearly, therefore, increasing the buoyancy enhances the heat
and mass transfer rate to the plate (wall) which will lead to a decrease in temperature and concentration in the boundary
layer, respectively. Thus, the heat and mass transfer rate is more for the case of vertical surfaces (α = 0) as compared to
horizontal surfaces (α = π/2).
It is important to note that in Figs. 2–5, where Brownian motion and thermophoretic parameters are considered,
the differences are small, owing to the fact that these parameters are nanoscale parameters. As elaborated by Nield and
Kuznetsov [9], and also other researchers including Ho et al. [16], Jang and Choi [18] and Khan and Pop [11], variation
will not be amplified, i.e. the influence will be relatively less. For example, regarding Nb, the direct contribution of Brownian
motion has been shown theoretically to be negligible as the time scale of the Brownianmotion is about 2 orders ofmagnitude
larger than that for the thermal diffusion of the base liquid. The indirect effect is generally now accepted to be much less
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Table 8
Effect of Rax/Pex and Nb on the dimensionless heat transfer rates {−θ ′(0)} and the mass transfer rates
{−φ′(0)} for Le = 5 and 15, with Nt = 0.5,Nr = 0.5, α = π/6.
Le RaxPex Nux/Pe
1/2
x = −θ ′(0) Shx/Pe1/2x = −φ′(0)
Nb = 0.5 Nb = 1.0 Nb = 1.5 Nb = 0.5 Nb = 1.0 Nb = 1.5
5
0.1 0.3205 0.3742 0.2349 1.2875 1.3312 1.3323
0.3 0.3331 0.2179 0.2559 1.3424 1.3856 1.3903
0.5 0.3453 0.2260 0.0620 1.3952 1.4439 1.4537
1.0 0.3742 0.2559 0.0742 1.5194 1.5803 1.6013
15
0.1 0.3033 0.3609 0.2155 2.2828 2.3049 2.3076
0.3 0.3169 0.1982 0.2366 2.3935 2.4089 2.4161
0.5 0.3300 0.2066 0.0516 2.4992 2.5187 2.5297
1.0 0.3609 0.2366 0.0626 2.7461 2.7741 2.7935
Table 9
Effect of α and Nt on the dimensionless heat transfer rates {−θ ′(0)} and mass transfer rates {−φ′(0)} for
Le = 5 and 15, with Nb = 0.5,Nr = 0.5, Rax/Pex = 1.
Le α Nux/Pe1/2x = −θ ′(0) Shx/Pe1/2x = −φ′(0)
Nt = 0.1 Nt = 0.3 Nt = 0.5 Nt = 0.1 Nt = 0.3 Nt = 0.5
5
0 0.4523 0.4156 0.3827 1.5523 1.5532 1.5558
π/6 0.4440 0.4078 0.3755 1.5205 1.5228 1.5246
π/3 0.4162 0.3820 0.3513 1.4153 1.4176 1.4207
π/2 0.3754 0.3438 0.3156 1.2581 1.2610 1.2655
15
0 0.4403 0.4030 0.3699 2.7649 2.7873 2.8181
π/6 0.4313 0.3946 0.3621 2.7031 2.7250 2.7551
π/3 0.4015 0.3669 0.3362 2.5006 2.5208 2.5487
π/2 0.3574 0.3258 0.2978 2.1948 2.2121 2.2366
than that of, for example, buoyancy in natural convection flows. In comparison, inspection of Figs. 6–10 reveals that, for the
‘‘macroscopic’’ heat transfer and geometric parameters, i.e., buoyancy ratio parameter (Nr), mixed convection parameter
(Rax/Pex), Lewis number (Le), and angle of inclination (α), the differences are much more pronounced. These trends are
confirmed (except for the inclination effect) by Nield and Kuznetsov [9] and also Khan and Pop [11]. For the inclination
effect, the trend is very similar to the Newtonian study of Cheng [26]. Furthermore, data has been carefully selected to
simulate realistic flows. The parameters incorporated in the present model for nanofluid aspects, i.e., Brownian motion and
thermophoresis parameters, embody a significant physical implication. For example,Nb is related to the size of nanoparticles
in the dilute system. Nanoparticles are often in the form of agglomerates and/or aggregates. For small particles, Brownian
motion is strong, and the parameterNbwill have high values; the converse is the case for large particles. The values selected,
i.e., 0.5, 1.0, 2.5 (Fig. 2), correspond to the range of large particles towards intermediate (Nb = 1.0) to small particles (2.5).
This provides a spectrum of physical applications to be examined, i.e., we have not confined discussion to just one order
of magnitude of nanoparticle size. Nb also allows thermal conductivity variation to be incorporated in the model. Further
justification of these values is provided by Ravi et al. [35], where thermal conductivity is also linked to nanoparticle size via
a rigorous statistical mechanics analysis.
The thermophoresis parameter (Nt) values have been selected to simulate realistic applications in heat exchangers,
chemical engineering, porous media flows, etc. The values follow the elaborate study of Buongiorno [4], one of the most
widely cited studies in nanofluid convection. The values, i.e., Nt = 0.1, 0.3, 0.5 (see Fig. 5), are also employed by Khan
and Pop [11], and have been used by Nield and Kuznetsov [9] (this latter article established the correct data required for
nanofluid heat transfer in porous media, based on a modification of the Buongiorno [4] model for Darcian porous media).
Furthermore, the thermophoresis parameters have been found to be consistent with certain Newtonian studies; see, for
example, Zueco et al. [36], Goren [37], and Talbot et al. [38]. Regarding the other ‘‘macroscale’’ parameters, i.e., buoyancy
ratio parameter (Nr), mixed convection parameter (Rax/Pex), Lewis number (Le), and angle of inclination (α), the values
are consistent with those of numerous other studies and correspond to a range of buoyancy strengths in the flow, different
mass diffusivities of the nanofluid (particle fraction) for different suspensions, and finally realistic orientations of the plate
(vertical, i.e., 0°, 30° (π/6), 60° (π/3) and 90° (π/2) i.e., horizontal flat plate). Geometrically therefore we have studied the
entire span of inclinations of pertinence in, for example, heat exchangers and chemical engineering systems.
Finally, we have presented the sensitivity analysis in Table 10, where the difference in each graph can be quantified in
terms of root mean square deviation and root mean square percentage deviation with respect to that with the default or
control values of the parameters. The values are shown for each parameter in each graph. As percentage errors are not scale
independent, they are used to compare graphs of different data sets. While calculating the root mean square percentage
error, one zero value data point has been excluded in order to get finite values. This analysis gives the percentage change in
the different set with respect to the default parameter.
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Table 10
Sensitivity analysis.
Figure number (function) Parametric value RMSD RMSPD (in %)
(A−D)2
n
  A−D
D ×100
2
n
Fig. 2. (Temperature) Nb = 1.0 0.0181 4.637Nb = 2.5 0.0576 15.572
Fig. 3. (Nanoparticle concentration) Nb = 1.0 0.0119 42.017Nb = 2.5 0.0576 67.776
Fig. 4. (Temperature) Nt = 0.1 0.0268 13.834Nt = 0.3 0.0134 7.204
Fig. 5. (Nanoparticle concentration) Nt = 0.1 0.0163 71.340Nt = 0.3 0.0077 37.547
Fig. 6. (Temperature)
Nr = 0.0, Rax/Pex = 0.0 0.0333 39.230
Nr = 0.1, Rax/Pex = 0.5 0.0058 4.869
Nr = 0.3, Rax/Pex = 1.0 0.0316 26.770
Nr = 0.5, Rax/Pex = 1.5 0.0492 39.078
Fig. 7. (Nanoparticle concentration)
Nr = 0.0, Rax/Pex = 0.0 0.0186 39.600
Nr = 0.1, Rax/Pex = 0.5 0.0055 5.343
Nr = 0.3, Rax/Pex = 1.0 0.0188 27.523
Nr = 0.5, Rax/Pex = 1.5 0.0260 39.976
Fig. 8. (Temperature)
α = 0 0.0032 2.819
α = π/3 0.0130 14.069
α = π/2 0.0330 39.189
Fig. 9. (Nanoparticle concentration)
α = 0 0.0018 2.927
α = π/3 0.0071 14.229
α = π/2 0.0183 39.506
Fig. 10. (Nanoparticle concentration) Le = 5.0 0.0968 132.457Le = 15.0 0.0353 36.995
Note: RMSD= root mean square deviation, RMSPD= root mean square percentage deviation, A= actual parametric value
of each graph, D= default value.
5. Conclusions
In the present paper, we have examined the influence of nanoparticles onmixed convection boundary layer flow along an
inclined surface in a porous mediumwith Brownianmotion and thermophoresis effects incorporated. The governing partial
differential equations for mass, momentum, energy, and species conservation are transformed into ordinary differential
equations by using a similarity transformation. These equations are solved numerically using the finite-element method
and the finite-difference method. The flow dynamics of the regime is shown to be controlled by the Lewis number (Le),
Brownian motion number (Nb), thermophoresis number (Nt), buoyancy ratio parameter (Nr), inclination angle (α), and
mixed convection parameter (Rax/Pex). Numerical results for the local Nusselt number (wall heat transfer rate) and local
Sherwood number (wall mass transfer rate) are shown in tables, and the temperature (θ ) and the nanoparticle volume
fraction (φ) are presented graphically for various parameter conditions. In summary, the results have shown the following.
1. A rise in Brownian motion number (Nb) and thermophoresis number (Nt) enhances temperatures.
2. Increasing both the thermophoresis number (Nt) and Brownian motion number (Nb) increases the concentration.
3. Increasing the Lewis number (Le) decreases the temperature and increases the concentration.
4. Increasing the Brownian motion number (Nb), thermophoresis number (Nt), and the angle of inclination (α) reduces the
local heat transfer rate (local Nusselt number).
5. The dimensionless mass transfer rates decreases with increasing angle of inclination (α) and increases with increasing
mixed convection parameter (Rax/Pex).
The FEM provides the best stability and convergence characteristics compared with any other modern numerical method.
The variational formulation avoids the surfacing of spurious solutions, eliminates numerical diffusion errors (which can arise
with the finite-volumemethod for example) and also employs ‘‘numerical integration’’ rather thannumerical differentiation.
This ensures that much more efficient computational times are achievable than with difference methods. Field quantities,
e.g., temperature, are interpolated by a polynomial over an element in the FEM,whereas they are effectively ‘‘differentiated’’
in difference methods. In FDMs, very special care has to be afforded to truncation errors; i.e., the discrepancies between the
exact and the numerical results for the smallest values of the independent variable (η) are due to the use of finite-precision
computer arithmetic or round-off error. The FEM utilizes integral formulations which are advantageous since they provide a
more natural treatment of complex boundary conditions as well as that of discontinuous source terms due to their reduced
requirements on the regularity or smoothness of the solution. Moreover, they are better suited than the FDM to deal with
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complex geometries in multiphysical (e.g., nanofluid) problems as the integral formulations do not rely on any special mesh
structure, as elucidated in further detail by Bathe [39].
The present study has been confined to steady-state flows, and has neglected thermal radiation heat transfer [40].
Transient and radiative effects in nanofluids, which are important in solar collector energy systems [41], are currently being
examined.
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